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Abstrat
At 6th order in perturbation theory, the random magneti impurity problem at seond
order in impurity density narrows down to the evaluation of a single Feynman diagram
with maximal impurity line rossing. This diagram an be rewritten as a sum of ordinary
integrals and nested double integrals of produts of the modied Bessel funtions Kν and
Iν , with ν = 0, 1. That sum, in turn, is shown to be a linear ombination with rational
oeients of (25 − 1)ζ(5),
∫
∞
0
uK0(u)
6 du and
∫
∞
0
u3K0(u)
6 du. Unlike what happens at
lower orders, these two integrals are not linear ombinations with rational oeients of
Euler sums, even though they appear in ombination with ζ(5). On the other hand, any
integral
∫
∞
0
un+1K0(u)
p(uK1(u))
q du with weight p+ q = 6 and an even n is shown to be a
linear ombination with rational oeients of the above two integrals and 1, a result that
an be easily generalized to any weight p+ q = k. A matrix reurrene relation in n is built
for suh integrals. The initial onditions are suh that the asymptoti behavior is determined
by the smallest eigenvalue of the transition matrix.
1 Introdution
In Ref. [1℄, the quantum problem of a harged partile in a plane, oupled to a random Poisso-
nian distribution of innitely thin impenetrable Aharonov-Bohm ux tubes (magneti vorties)
perpendiular to the plane was onsidered. The relevant parameters are α = φ/φ0, where φ is
the ux of a tube and φ0 the ux quantum, and the mean impurity density ρ = N/V , where N
is the number of impurities and V the area (in the thermodynami limit, N,V →∞ with N/V
xed). Periodiity α→ α+1 and symmetry with respet to α = 1/2 imply that the N -impurity
partition funtion ZN is invariant under α→ 1− α, and depends only on α(1 − α).
One was interested in the average partition funtion
〈Z〉 = e−ρV
∑
N
(ρV )N
N !
〈ZN 〉 (1)
i.e.,
〈Z〉
Z0
= 1 + ρV
[
〈Z1〉
Z0
− 1
]
+
(ρV )2
2!
[
〈Z2〉
Z0
− 2
〈Z1〉
Z0
+ 1
]
+
(ρV )3
3!
[
〈Z3〉
Z0
− 3
〈Z2〉
Z0
+ 3
〈Z1〉
Z0
− 1
]
+ . . . (2)
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where Z0 is the free partition funtion.
With aount for the α dependene of ZN , Eq. (2) beomes a sum of terms proportional
to ρnαm with m ≥ n. For small α, the leading terms are (ρα)n. They yield the partition
funtion of the harge in the mean magneti eld ραφ0, whih replaes the loal magneti eld
φ
∑N
i=1 δ(~r − ~ri), ~ri being the loation of the i-th impurity. Terms with m > n are perturbative
orretions to the mean-eld expansion, whih originate from disorder eets. For the 1-impurity
ase [2℄, whih is exatly solvable, one obtains 〈Z1〉 −Z0 = α(α− 1)/2. For the 2-impurity ase,
nontrivial Feynman diagrams with maximal impurity line rossing appear at order ρ2α4, i.e., an
eletron interating 4 times with 2 impurities; at order ρ2α6, i.e., an eletron interating 6 times
with 2 impurities, et. Knowing the ρ2α4 Feynman diagram is suient to get a rather preise
analytial estimate of the ritial disorder oupling onstant αc ≃ 0.35, above whih osillations
in the density of states, orresponding to the Landau levels in the mean magneti eld piture,
disappear. That is a lear indiation that the system beomes fully disordered. Note, on the
other hand, that at weak disorder, when α ≤ αc, the broadening of the Landau levels due to
disorder ts niely into the Integer Quantum Hall Eet paradigm.
In Ref. [1℄, the ρ2α4 diagram was redued to a multiple temperature integral
Iρ2α4 =
∫ β
0
dβ1
∫ β1
0
dβ2
∫ β2
0
dβ3
∫ β3
0
dβ4
(
2
β
−
(a+ c)(b + d)
abc+ bcd+ cda+ dab
)
(3)
where a = β1 − β2, b = β2 − β3, c = β3 − β4, d = β4 − β1 + β. A diret step-by-step integration
gave
Iρ2α4 = β
3
(
1
48
−
ζ˜(3)
16
)
(4)
that is, a linear ombination of 1 and ζ˜(3) = 7ζ(3)/2 with rational oeients. One inferred by
onneting the integral (4) to the partition funtion that
〈Z2〉
Z0
− 2
〈Z1〉
Z0
+ 1 =
1
Z20
[
1
6
α2 +
(
1
24
−
ζ˜(3)
8
)
α4 + . . .
]
(5)
Thus, an Euler sum of level 3 emerges, whih ts into the general sheme of Feynman diagram
expansion in perturbative eld theory [3℄, where Euler sums are known to play a entral role.
These sums are dened as
ζ(n1, n2, . . . , np) =
∑
ki>ki+1≥1
p∏
i=1
(±)ki
knii
where n = n1 + n2 + . . . + np is the level of the sum. At level n, the simplest sums are
ζ(n) =
∑∞
k=1 1/k
n
and ζa(n) =
∑∞
k=1 (−1)
k/kn, with (2n − 1)ζ(n)/2n = (ζ(n)− ζa(n))/2.
On the other hand, Eqs. (3)(4) imply that the nontrivial part of Iρ2α4 is∫ β
0
dβ1
∫ β1
0
dβ2
∫ β2
0
dβ3
∫ β3
0
dβ4
(a+ c)(b + d)
abc+ bcd+ cda+ dab
= β3
1 + ζ˜(3)
16
In Ref. [4℄, algebrai manipulations and a Laplae transform with respet to β let one fatorize
this multiple integral as
1
2
∫ ∞
a,b,c,d=0
dadbdcdd
∫ ∞
0
dt
1
cd
e−(a+b+c+d)−t(
1
a
+ 1
b
+ 1
c
+ 1
d) =
∫ ∞
0
uK0(u)
2(uK1(u))
2 du
2
where Kν(u) are the modied Bessel funtions (t = u
2/2). Consequently,∫ ∞
0
uK0(u)
2(uK1(u))
2 du =
1 + ζ˜(3)
16
(6)
More generally, it was shown in [4℄ by means of a simple integration by parts that any integral
of the form ∫ ∞
0
un+1K0(u)
p(uK1(u))
q du (7)
with weight
4 p+ q = 4 and n even, is a linear ombination with rational oeients of ζ˜(3) and
1. This was ahieved via a 2 × 2 matrix reurrene relation for the integrals
∫∞
0 u
n+1K0(u)
4du
and
∫∞
0 u
n+1K1(u)
4du, with n ≥ 4 (see Se. 3 for a derivation of this reurrene and its straight-
forward generalization to any weight k = p+ q). A remarkable result is the fat that the initial
ondition ∫ ∞
0
u5K0(u)
4 du =
−27 + 7ζ˜(3)
64
,
∫ ∞
0
u5K1(u)
4 du =
53− 9ζ˜(3)
64
(8)
happens to be suh that the asymptoti behavior of the reurrene relation for large n is governed
by the smaller of the two eigenvalues {1/16, 1/4} of the asymptoti reurrene matrix.
In Ref. [5℄, these onsiderations were extended to integrals involving Kν as well as Iν 
speially, the set (7) where either one of the K0's is replaed by I0 or one of the K1's is
replaed by I1 (so one has a produt of three Kν 's and one Iν). These integrals were shown,
again via an elementary integration by parts, to be linear ombinations with rational oeients
of 3ζ(2) and 1. The 2× 2 reurrene matrix is idential to the one obtained in the previous ase,
up to a minus sign in the o-diagonal elements. The initial ondition∫ ∞
0
u5K0(u)
3I0(u) du =
21ζ(2)
128
,
∫ ∞
0
u5K1(u)
3I1(u) du =
27ζ(2)
128
(9)
is suh that the asymptoti behavior is governed, as expeted, by the bigger of the eigenvalues
{1/16, 1/4}  it does not for sure oinide with the unique initial ondition (8) assoiated with
the smallest eigenvalue.
2 The ρ2α6 diagram with maximal impurity line rossing
Integrals of produts of modied Bessel funtions appear to play a entral role in the perturbative
analysis of the 2-impurity problem. Indeed, whereas the ρ2α5 diagrams an be easily shown to
redue to ρ2α4 diagrams, the relevant ρ2α6 diagram with maximal impurity line rossing is muh
more arduous to ompute. Following the same route as for the ρ2α4 diagram, and again taking
a Laplae transform, one has obtained [6℄ the expression
Iρ2α6 = 8
∫ ∞
0
duuK0(u)
2(uK1(u))
2
∫ u
0
dx (xK1(x))I1(x)K0(x)
2
− 4
∫ ∞
0
duuK0(u)(uK1(u))[(uK1(u))I0(u)− uK0(u)I1(u)]
∫ ∞
u
dxxK0(x)
2K1(x)
2
+
∫ ∞
0
uK0(u)
4(uK1(u))
2du (10)
4
Here and in the sequel we dene the weight of an integral of a produt of Bessel funtions Kν as the total
power of the Kν 's.
3
It ontains not only, in analogy with order ρ2α4, the integral∫ ∞
0
uK0(u)
4(uK1(u))
2 du
of weight 6, but also a partiular ombination of nested double integrals of produts of modied
Bessel funtions Kν and Iν . Components of those double integrals, if integrated indivually from
0 to ∞, are, as already demonstrated5, linear ombinations of either ζ˜(3) and 1 or of 3ζ(2) and
1. For example, in addition to Eq. (6), one has∫ ∞
0
(uK1(u))I1(u)K0(u)
2 du =
ζ(2)
8∫ ∞
0
uK0(u)(uK1(u))
2I0(u) du =
8 + 3ζ(2)
32∫ ∞
0
u2K0(u)
2(uK1(u))I1(u) du =
8− 3ζ(2)
32
In eet, there is a mapping, via an integral, of a produt of Kνor a produt of Kν and
Iνonto a linear ombination with rational oeients of ζ(3) and 1or ζ(2) and 1, respetively:
(f)→
∫ ∞
0
f(u)du = ζ[f ]
For the double integrals, the same sheme is at work, but now the mapping is to a polyzeta
objet:
(f, g)→
∫ ∞
0
f(u)du
∫ u
0
g(x)dx = ζ[f, g]
Sine ∫ ∞
0
f(u)du
∫ u
0
g(x)dx =
∫ ∞
0
f(u)du
∫ ∞
0
g(x)dx−
∫ ∞
0
g(u)du
∫ u
0
f(x)dx
one has
ζ[f, g] = ζ[f ]ζ[g]− ζ[g, f ]
in analogy with the relation involving the standard polyzeta funtion ζ(p, q) =
∑
n>m
1
np
1
mq :
ζ(p, q) = ζ(p)ζ(q)− ζ(p+ q)− ζ(q, p) (11)
By analogy with lower orders, one might expet the ρ2α6 orretions to be a linear om-
bination with rational oeients of Euler sums up to a ertain level. The struture of the
double integral in Eq. (10) learly indiates that the highest level should be 5. Indeed, the
onstituent single integrals in the rst and seond terms redue to levels 3 and 2, respetively;
by virtue of Eq. (11), the produt ζ(3)ζ(2) is assoiated with ζ(5). The last term in (10),∫∞
0 uK0(u)
4(uK1(u))
2 du, is a Bessel integral of weight 6. Given that an integral (6) of weight
4 is related to ζ(3), i.e., level 3, this agains hints at level 5 in the ase at hand.
However, a searh for an integer relation with the PSLQ algorithm [7℄ does not onrm this
expetation. On the ontrary, it indiates that
Iρ2α6 =
1
30
∫ ∞
0
uK0(u)
6 du+
1
20
∫ ∞
0
u3K0(u)
6 du−
31
160
ζ(5) (12)
5
Note, however, that
R
∞
u
xK0(x)
2
K1(x)
2 dx would be divergent if one set u = 0.
4
is a linear ombination with rational oeients of not only, as expeted, a level 5 Euler sum
(25 − 1)ζ(5), but also of two numbers of weight 6,
∫∞
0 uK0(u)
6 du and
∫∞
0 u
3K0(u)
6 du, neither
of whih is a linear ombination with rational oeients of Euler sums of level 5.
Moreover, the same PSLQ searh shows that the last term in Eq. (10) is a linear ombination
of the same two numbers:∫ ∞
0
uK0(u)
4(uK1(u))
2 du =
2
15
∫ ∞
0
uK0(u)
6 du−
1
5
∫ ∞
0
u3K0(u)
6 du (13)
Hene, also the sum of double integrals in (10) is by itself a linear ombination with rational
oeients of the same three numbers that appear in (12)speially, −
∫∞
0 uK0(u)
6 du/10 +∫∞
0 u
3K0(u)
6 du/4− 31ζ(5)/160.
3 Integrals
∫∞
0 u
n+1K0(u)
p(uK1(u))
q du with even n
Equation (13) for weight 6, together with the integrals of weight 4 in [4, 5℄, are but partiular
ases of a muh more general pattern involving integrals of the form
∫∞
0 u
n+1K0(u)
p(uK1(u))
q du
with even n.
At a given weight k = p+ q, denote
I
(k)
n,j =
1
n!
∫ ∞
0
un+1K0(u)
k−jK1(u)
jdu (14)
where j = 0, 1, 2, . . . , k. For the integral to be nite, n ≥ j − 1 is required. Integration by
parts, taking into aount that dK0(u)/du = −K1(u) and d(uK1(u))/du = −uK0(u), gives a
reurrene relation
I
(k)
n,j =
n+ 1
n− j + 2
[
jI
(k)
n+1,j−1 + (k − j)I
(k)
n+1,j+1
]
(15)
The mapping {I
(k)
n+1,j} → {I
(k)
n,j} indued by Eq. (15) and valid
6
for n ≥ k involves a tridiag-
onal matrix
A(k)n =


0 k(n+1)n+2 0 0 0 . . . 0 0
1 0 k − 1 0 0 . . . 0 0
0 2(n+1)n 0
(k−2)(n+1)
n 0 . . . 0 0
0 0 3(n+1)n−1 0
(k−3)(n+1)
n−1 . . . 0 0
0 0 0 4(n+1)n−2 0 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 0 . . . k(n+1)n−k+2 0


(16)
One has detA
(k)
n = −
(3)2(5)2...(k)2(n+1)2k+1
(n+2)(n+1)(n)...(n−k+2) when k is odd, and 0 when k is even, meaning that
in the latter ase the I
(k)
n,j 's are linearly related. Indeed, for an even k, one has
k/2∑
l=0
(−1)l(n− 2l + 2)
(
k/2
l
)
I
(k)
n,2l = 0 (17)
6
We hoose here, as a matter of onveniene, to start the reurrene at n = k.
5
By applying relation (15) twie, one obtains a mapping {I
(k)
n+2,j} → {I
(k)
n,j}:
I
(k)
n,j =
(n+ 1)(n + 2)(j − 1)j
(n− j + 2)(n − j + 4)
I
(k)
n+2,j−2
+
(n+ 1)(n + 2)
n− j + 2
[
(j + 1)(k − j)
n− j + 2
+
j(k − j + 1)
n− j + 4
]
I
(k)
n+2,j
+
(n+ 1)(n + 2)(k − j − 1)(k − j)
(n− j + 2)2
I
(k)
n+2,j+2 (18)
This an be inverted, as long as takes into aount the linear relation (17) in the ase of an even
k.
The reurrene relations (15), (18) onserve the parity of n − j; thus, all I
(k)
n,j 's are divided
into two subsets, and the relations operate separately within eah subset. For reasons that will
beome lear later, we fous on one of thosethe one for whih n − j is even. To span this
subset, it is enough to assume that n is even, then take the set
I
(k)
n,0 , I
(k)
n,2 , . . . , I
(k)
n,k , n ≥ k (k even) (19)
[remembering that these integrals are linearly related via Eq. (17)℄, or
I
(k)
n,0 , I
(k)
n,2 , . . . , I
(k)
n,k−1 , n ≥ k − 1 (k odd) (20)
and note that the integrals
I
(k)
n+1,1 , I
(k)
n+1,3 , . . . , I
(k)
n+1,k−1 (k even) (21)
and
I
(k)
n+1,1 , I
(k)
n+1,3 , . . . , I
(k)
n+1,k (k odd) (22)
are related to (19) and (20), respetively, by inverting the reurrene (15) [again, taking into
aount (17) if k even℄. The union of sets (19)(22), at a given k, is tantamount to the family of
integrals ∫ ∞
0
un+1K0(u)
p(uK1(u))
q du (23)
with weight p+ q = k and an even n.
For an even k, by virtue of Eq. (18), all integrals from the family (19), (21) an be expressed
as a linear ombination with rational oeients of the initial onditions
I
(k)
k,0 , I
(k)
k,2 , . . . , I
(k)
k,k (24)
still taking into aount Eq. (17). Noting further that Eq. (15) implies 2I
(k)
k−1,k−1 = k(I
(k)
k,k +
(k − 1)I
(k)
k,k−2) and that, trivially, I
(k)
k−1,k−1 = 1/k!, one an trade I
(k)
k,k for 1. Using (17), one an
get rid of one more element: thus, all integrals (19), (21) are linear ombinations with rational
oeients of a basis made of the k/2 independent (in the sense that none of them is a linear
ombination with rational oeients of the others) numbers
{1 , I
(k)
k,0 , I
(k)
k,2 , . . . , I
(k)
k,k−4} (25)
6
Likewise, for k odd, starting with the initial onditions
I
(k)
k−1,0, I
(k)
k−1,2, . . . , I
(k)
k−1,k−1 (26)
and again using I
(k)
k−1,k−1 = 1/k!, one onludes that any integral in (20), (22) is a linear ombi-
nation with rational oeients of the basis made of the (k + 1)/2 independent numbers
{1 , I
(k)
k−1,0 , I
(k)
k−1,2 , . . . , I
(k)
k−1,k−3} (27)
Last but not least, one an also show, by applying (15) appropriately for 0 ≤ n ≤ k, that for
k even, the basis (25) an be mapped on the basis
{1 , I
(k)
0,0 , I
(k)
2,0 , . . . , I
(k)
k−4,0} (28)
and for k odd, the basis (27) an mapped on
{1 , I
(k)
0,0 , I
(k)
2,0 , . . . , I
(k)
k−3,0} (29)
Therefore, any integral in the set (23) is a linear ombination with rational oeients of the
basis (28) or (29), for k even or odd, respetively.
Consider now the asymptoti regime, n→∞. In that limit, Eq. (18) beomes
I
(k)
n,j = A
(k)
j,j−2I
(k)
n+2,j−2 +A
(k)
j,j I
(k)
n+2,j +A
(k)
j,j+2I
(k)
n+2,j+2 (30)
where the elements of the tridiagonal transition matrix A(k) (indexed so that their subsripts are
always even) no longer depend on n:
A
(k)
j,j−2 = (j − 1)j , A
(k)
j,j = 2j(k − j) + k , A
(k)
j,j+2 = (k − j − 1)(k − j) (31)
The [(k− k mod 2)/2 + 1] eigenvalues of this matrix are: k2, (k− 2)2, (k− 4)2, . . . ; the last one
is 1 for odd k and 0 for even k. In the latter ase, before inverting the matrix, one has to redue
its dimension by one, using Eq. (17). Thereupon, the largest eigenvalue of the inverse matrix is
1 or 1/4 for k odd or even, respetively, whereas the smallest one is 1/k2. Remarkably, as we
disovered experimentally, with the initial onditions (24), (26) it is the smallest eigenvalue that
determines the asymptoti behavior of I
(k)
n,j . In the asymptoti regime itself, this an be under-
stood by noting that the eigenvetor orresponding to said eigenvalue, i.e., to the k2 eigenvalue
of A(k), is {1, 1, . . . , 1}  beause A
(k)
j,j−2 + A
(k)
j,j + A
(k)
j,j+2 = k
2
. Now, in the limit n → ∞, the
integral I
(k)
n,j does not depend on j, beause the integrand u
n+1K0(u)
k−jK1(u)
j
peaks at large
values of u, where both K0(u) and K1(u) an be approximated by their ommon asymptoti
behavior, Kν(u)−→
u→∞
√
pi
2ue
−u
. Therefore, the vetor {I
(k)
n,j } beomes, in the asymptoti limit,
proportional to {1, 1, . . . , 1}. The fat that the initial ondition (24), (26) leads to this speial
asymptoti behavior, as well as the fat that said ondition an be expressed in terms of the
basis (28)(29), means that the building bloks of (28)(29), namely Bessel funtion integrals∫∞
0 u
n+1K0(u)
k du with n even, may play some speial role in number theorylike Euler sums
do (but again, these integrals are not rational linear ombinations of those sums).
As an example, we detail the reurrene relations for weight k = 3, where one has omputed
[4℄
I
(3)
0,0 =
1
6
∞∑
k=0
1
(k + 1/3)2
−
2
3
ζ(2) (32)
7
One has, for an even n ≥ 2,
 I
(3)
n,0
I
(3)
n,2

 =


3(n + 1)
n+ 2
6(n + 1)
n+ 2
2(n + 1)
n
(n + 1)(7n + 6)
n2



 I
(3)
n+2,0
I
(3)
n+2,2

 (33)
The inverse relation is
 I
(3)
n+2,0
I
(3)
n+2,2

 =


7n + 6
9(n + 1)
−
2n2
3(n+ 1)(n + 2)
−
2n
9(n+ 1)
n2
3(n + 1)(n + 2)



 I
(3)
n,0
I
(3)
n,2

 (34)
whih in the asymptoti limit turns into
 I
(3)
n+2,0
I
(3)
n+2,2

 =


7
9
−
2
3
−
2
9
1
3



 I
(3)
n,0
I
(3)
n,2

 (35)
with eigenvalues {1/9, 1}.
Clearly, as alluded to above, instead of the set (23), one ould have foused on the set∫∞
0 u
n+1K0(u)
p(uK1(u))
q du with weight p + q = k and n oddorresponding to the subset of
integrals (14) with odd n − j. The reurrene still operates within this set, and the same kind
of algebra as above is at work. However, the integrals in this set
• do not play any role in the perturbative analysis of the random magneti impurity problem
(at least up to 6th order);
• but still lead to an asymptoti behavior governed by the smallest eigenvalue of the or-
responding asymptoti reurrene matrix. This an be easily seen in the ase k = 3,
where the initial onditions I
(3)
2,3 , I
(3)
2,1 for the integrals I
(3)
n,3 and I
(3)
n,1 with n even and the
orresponding reurrene relation lead to an asymptoti governed by the smallest of the
eigenvalues {1/9, 1} of the asymptoti matrix.
Note nally that at weight k = n + 1, by singling out the simplest integral I
(n+1)
0,0 in the basis
(28) or (29), one arrives at the number
κ(n) =
1
(n+ 1)!
∫ ∞
0
uK0(u)
n+1 du (36)
with κ(0) = 1; κ(1) = 1/4; κ(2) = I
(3)
0,0/3!, see Eq. (32); κ(3) = 7ζ(3)/(8 × 4!), et. As already
said, this number is analogous to Euler sums of level n, but it is not a rational linear ombination
of those. When n→∞, the 1/(n + 1)! normalization in (36) is suh that7
e−2Γ
′(1) lim
n→∞
κ(n) = lim
n→∞
(ζ(n)− 1) (37)
When n → −1, on the other hand, κ(n) = 1/(1 + n)2 plus logarithmi subleading terms and a
onstant. Clearly, the funtion κ(n) dened for n ≥ −1 real an be analytially ontinued to the
funtion κ(s) dened on the whole omplex half-plane ℜ(s) ≥ −1.
7
This an be easily shown by reognizing that when n → ∞, the integrand uK0(u)
n+1
has a peak near the
origin, where K0(u) an be approximated by K0(u) ≃ − log
u
2 exp[Γ′(1)]
. It follows that the main ontribution to
the integral is
R
∞
0
uK0(u)
n+1 du ≃
R 2 exp[Γ′(1)]
0
u (− log u
2 exp[Γ′(1)]
)n+1du, whih trivially yields (37).
8
4 Conlusion
We have demonstrated that a lass of integrals involving Bessel funtions, whih arise in perturba-
tion theoryin partiular, in the two-dimensional problem of random magneti impuritiesan
be expressed, via reurrene relations, as linear ombinations with rational oeients of basis
integrals. Some of the latter, in turn, redue to Euler sums, but most do not. Additionally,
these same basis integrals, for an even power of the argument, turn out to generate the unique
initial onditions for the reurrene relations whih make the smallest eigenvalue of the transi-
tion matrix determine the asymptoti behavior. The nature of this phenomenon has yet to be
understood more deeply.
It is not only single but also some double nested integrals that happen to be linear ombina-
tions with rational oeients of said basis integrals: one that does is the integral that gures
in the 6th order of perturbation theory in the physial problem at hand. Understanding what
other double integrals fall into the same lass remains another open question.
Aknowledgements: One of us (S.O.) would like to thank Jean Desbois for disussions and
some tehnial help, in partilular at the end of Setion 3.
Note added: After ompletion of this work, we beame aware of Ref. [8℄ and in partiular
of Ref. 26 therein, where some results overlap with those of setion 3.
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